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AUXILIARY ESTIMATING FUNCTIONS FOR 
DOUBLY TRUNCATED NORMAL SAMPLES 
BY 
J .  David L i f s e y  
George C.  Marshall Space F l i g h t  Center  
H u n t s v i l l e ,  Alabama 
ABSTRACT 
When sampling procedures  on a random v a r i a b l e  X a r e  such  tha t  t h e  
r e s u l t i n g  sample c o n s i s t s  of  N measured o b s e r v a t i o n s  f o r  which X, < X < Xg, 
and no in fo rma t ion  is know f o r  X < X, and X > Xg, t h e  sample is s a i d  t o  
be  doubly  t r u n c a t e d  a t  the known t e rmina l s  and Xp.  To c a l c u l a t e  maxi- 
mum l i k e l i h o o d  e s t i m a t e s  of t h e  mean and s t a n d a r d  d e v i a t i o n  of a normal ly  
d i s t r i b u t e d  p o p u l a t i o n  from doubly t r u n c a t e d  s a m p l e s ,  i t  is n e c e s s a r y  t o  
s o l v e  s i m u l t a n e o u s l y  a p a i r  of r a t h e r  complex n o n l i n e a r  e s t i m a t i n g  equa- 
t i o n s .  S ince  eve ry  e s t i m a t e  is a f u n c t i o n  of  t he  sample  v a l u e s  and must  
be  regarded  as an  observed v a l u e  of a c e r t a i n  random v a r i a b l e ,  t h e r e  a re  
no means of p r e d i c t i n g  i n  a g i v e n  c a s e ,  t h e  t r u e  p o p u l a t i o n  v a l u e  assumed 
by t h e  e s t i m a t e .  The “goodness” of a n  e s t i m a t e  cannot  be judged from 
i n d i v i d u a l  v a l u e s ,  b u t  on ly  from the d i s t r i b u t i o n  of t he  v a l u e s  which i t  
w i l l  assume i n  the long r u n ,  i . e . ,  from i t s  sampling d i s t r i b u t i o n .  .Some 
estimate of t h e  v a r i a n c e  of t h e s e  sample e s t i m a t e s  is needed. Values of  
a u x i l i a r y  f u n c t i o n s  r e q u i r e d  t o  o b t a i n ,  from doubly  t r u n c a t e d  normal 
samples ,  maximum l i k e l i h o o d  e s t ima tes  of  parameters  of t h e  p a r e n t  popula-  
t i o n  and the a sympto t i c  ( l a r g e  s a m p l e )  v a r i a n c e s  and cova r i ance  of t h e s e  
e s t i m a t e s  a r e  g iven .  
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AUXILIARY ESTIMATING FUNCTIONS FOR 
DOUBLY TRUNCATED NORMAL SAMPLES 
SUMMARY 
R e s t r i c t e d  s a m p l e s  a r e  those  s e l e c t e d  under c o n d i t i o n s  such  t h a t  
f u l l  o b s e r v a t i o n  is n o t  pe rmi t t ed  over  some p o r t i o n  of  t h e  popu la t ion  
range  of  v a l u e s .  The problem of  e s t i m a t i n g  popu la t ion  parameters  from 
samples ob ta ined  under  such  cond i t ions  is f r e q u e n t l y  encountered i n  
s c i e n t i f i c  i n v e s t i g a t i o n s  , w i t h  r e s t r i c t e d  samples a r i s i n g  q u i t e  n a t u r a l l y  
i n  such  f i e l d s  as l i f e  t e s t i n g ,  dosage and m o r t a l i t y  response  s t u d i e s ,  
b i o l o g i c a l  a s s a y s  , i n d u s t r i a l  p roduc t ion  of some measurable  i t e m ,  q u a l i t y  
c o n t r o l ,  and many areas o f  eng inee r ing .  When a sample of  a random 
v a r i a b l e  X r e s u l t s  i n  N measured obse rva t ions  f o r  which X, < X < X p  w i t h  
no in fo rma t ion  known abou t  X < X, o r  X > XB, t h e  sample is  d e s c r i b e d  as 
be ing  doubly t r u n c a t e d  a t  t h e  po in t s  Xa and XB. 
l i k e l i h o o d  estimates f o r  the mean and s t a n d a r d  d e v i a t i o n  o f  a normally 
d i s t r i b u t e d  popu la t ion  from doubly t r u n c a t e d  normal samples  , i t  is  
necessa ry  t o  s o l v e  s imul t aneous ly  a p a i r  o f  ra ther  complex n o n l i n e a r  
e s t i m a t i n g  equa t ions .  I n  1957, Cohen [2 ]  gave methods employing a g r a p h  
of  e s t i m a t i o n  curves  f o r  reducing  t h e  computa t iona l  l a b o r  r e q u i r e d  t o  
o b t a i n  t h e s e  s o l u t i o n s .  I n  t h i s  paper ,  a g raph  is  g iven  and a u x i l i a r y  
f u n c t i o n s  a r e  eva lua ted  t o  f u r t h e r  a i d  i n  o b t a i n i n g  s o l u t i o n s  t o  the 
To c a l c u l a t e  maximum 
e s t i m a t i n g  e q u a t i o n s .  The a sympto t i c  ( l a r g e  sample)  v a r i a n c e s  a 
cova r i ance  of  t h e s e  e s t i m a t e s  a r e  a l s o  eva lua ted .  
I. INTRODUCTION 
R e s t r i c t e d  samples a r e  those  s e l e c t e d  under cond i t ions  such  t h a t  
f u l l  o b s e r v a t i o n  is  no t  permi t ted  over  some p o r t i o n  of the p o p u l a t i o n  
range  of  v a l u e s .  R e s t r i c t e d  sampling w a s  d e a l t  w i t h  i n  s t a t i s t i c s  as 
e a r l y  as 1807 when S i r  F ranc i s  Gal ton [4]  encountered a s i n g l y  t r u n c a t e d  
sample i n  s t u d y i n g  the  d i s t r i b u t i o n  of  t h e  t i m e  t aken  by t r o t t i n g  ho r ses  
t o  r u n  a measured cour se .  Gal ton  w a s  on ly  a b l e  t o  s a m p l e  from the t i m e s  
of t he  h o r s e s  t h a t  had q u a l i f i e d ,  s i n c e  t h e  times of  ho r ses  f a i l i n g  t o  
q u a l i f y  were n o t  recorded .  The r e s u l t i n g  samples were thus  s i n g l y  t r u n -  
cated on t h e  r i g h t  a t  t h e  known terminus of t = 150 seconds ,  s i n c e  t o  
q u a l i f y  i t  was necessa ry  t o  b e t t e r  t h i s  t i m e  over  a one-mile cour se .  
c 
. 
Gal ton  assumed his d i s t r i b u t i o n s  t o  be  normal and used sample modes 
as e s t i m a t e s  o f  t h e  p o p u l a t i o n  means. He s imply  p l o t t e d  f requency  polygons 
and l o c a t e d  t h e  r e q u i r e d  v a l u e s  by in spec t ion .  With modes equated  t o  
medians he  loca ted  s a m p l e  q u a r t i l e s  and used s e m i - i r i t e r q u a r t i l e  ranges  
t o  e s t i m a t e  popu la t ion  s t a n d a r d  d e v i a t i o n s .  
I n  1902 Karl Pearson [ 9 1 r e c a l c u l a t e d  G a l t o n ' s  estimates us ing  a 
procedure  f o r  e s t i m a t i n g  parameters of  a normal p o p u l a t i o n  by f i t t i n g  
l e a s t - s q u a r e  pa rabo las  t o  loga r i thms  of  t h e  t r u n c a t e d  s a m p l e  f r e q u e n c i e s .  
Karl Pearson and A l i c e  Lee [ l O i  i n  1908 used t h e  method of moments [7]  
t o  o b t a i n  e s t i m a t e s  of  t h e  mean and s t a n d a r d  d e v i a t i o n  f o r  a s i n g l y  
t r u n c a t e d  sample and gave t a b l e s  t o  a i d  i n  the  computat ion o f  t h e s e  
e s t i m a t e s .  
F u r t h e r  p u b l i c a t i o n s  on t h i s  problem d i d  n o t  appear u n t i l  1931, 
when R.  A .  F i s h e r  [3]  gave r e s u l t s  ob ta ined  us ing  t h e  method of  maximum 
l i k e l i h o o d  [ 7 ] ,  which he had in t roduced  t e n  y e a r s  e a r l i e r .  F i s h e r  con- 
s i d e r e d  samples of the  same type  as those  s t u d i e d  by Pearson and Lee and 
demonstrated t h a t ,  f o r  t h e  s i n g l y  t r u n c a t e d  normal case, t h e  method of  
maximum l i k e l i h o o d  g i v e s  estimates i d e n t i c a l  w i t h  those  ob ta ined  by t h e  
method of moments. He a l s o  gave a sympto t i c  v a r i a n c e s  and cova r i ances  o f  
t h e  maximum l i k e l i h o o d  e s t i m a t e s .  
The terms s i n g l y  t r u n c a t e d ,  doubly t r u n c a t e d ,  s i n g l y  censo red ,  e t c . ,  
used i n  connec t ion  w i t h  r e s t r i c t e d  sampling were n o t  used by t h e  e a r l y  
w r i t e r s  b u t  were in t roduced  r a t h e r  s lowly  i n t o  the  l i t e r a t u r e .  S tevens  
[111 i n  1937 w a s  t h e  f i r s t  t o  c o n s i d e r  t h e  doubly censored sample,  a l t h o u g h  
he d i d  n o t - u s e  t h i s  term. He pub l i shed  maximum l i k e l i h o o d  e s t i m a t i n g  equa- 
t i o n s  f o r  normal popu la t ion  s a m p l e s  of  t h e  type which a r e  now des igna ted  
as s i n g l y  and doubly censored samples w i t h  known t e r m i n a l s .  
Add i t iona l  r e s u l t s  on t h i s  t o p i c  have been publ i shed  by numerous 
a u t h o r s  inc lud ing  H a l d ,  Birnbaum, Ha lpe r in ,  Gupta,  Sampford, Des R a j ,  
B l i s s ,  Cohen and o t h e r s .  I n  1949 Cohen [l] de r ived  formulas  whereby 
c e r t a i n  s p e c i a l  f u n c t i o n s  r e q u i r e d  i n  s o l u t i o n  of  t he  problem as g i v e n  
by Pearson and Lee and by F i s h e r  might  be  r e a d i l y  e v a l u a t e d  us ing  on ly  
a n  o r d i n a r y  t a b l e  of  a r e a s  and o r d i n a t e s  of t h e  normal curve .  Thus, i t  
became p o s s i b l e  t o  o b t a i n  t h e  d e s i r e d  e s t i m a t e s  w i t h  a n  improvement i n  
accu racy  whether o r  n o t  t h e  s p e c i a l  t a b l e s  r e q u i r e d  by t h e  o t h e r  two 
methods were a v a i l a b l e .  
To e s t i m a t e  popu la t ion  parameters  from r e s t r i c t e d  samples ,  t h e  
techniques  most wide ly  used a r e  t h e  method of moments, t h e  method of  
maximum l i k e l i h o o d ,  and o rde r  s t a t i s t i c s .  F i s h e r  [3]  observed t h a t ,  
f o r  s i n g l y  t runca ted  normal s a m p l e s ,  t he  method of moments and t h e  
method of maximum l i k e l i h o o d  y i e l d  i d e n t i c a l  e s t i m a t e s  f o r  t h e  param-  
e t e r s .  H o t e l l i n g  [5] demonst ra ted  t h a t  t h e  two methods a l s o  lead t o  




d i s t r i b u t i o n s .  Subsequent ly ,  Tukey [14]  proved t h a t ,  i f  any  f a m i l y  of 
d i , s t r i b u t i o n s  a d m i t s  a s e t  of s u f f i c i e n t  s t a t i s t i c s  [ 7 ] ,  t h e  f ami ly  
ob ta ined  by t r u n c a t i o n  t o  a f i x e d  s e t  o r  by f i x e d  s e l e c t i o n  a l s o  admi ts  
t h e  same s e t  of s u f f i c i e n t  s t a t i s t i c s . .  S i n c e  t h e  mean and v a r i a n c e  a re  
s u f f i c i e n t  s t a t i s t i c s  f o r  a mult inormal  d i s t r i b u t i o n ,  t h e  above r e s u l t s  
g u a r a n t e e  t h a t  t h e  method of moments and t h e  method of maximum Like l ihood 
l e a d  t o  i d e n t i c a l  e s t i m a t e s  of t hese  parameters  from doubly t r u n c a t e d  
normal samples .  I n  t h i s  paper ,  the mean and s t a n d a r d  d e v i a t i o n  of a 
.normally d i s t r i b u t e d  popu la t ion  a r e  e s t i m a t e d  from doubly t r u n c a t e d  
normal samples  by t h e  method of maximum l i k e l i h o o d .  This cho ice  w a s  
governed by t h e  above p r o p e r t i e s  and by t h e  f a c t  t h a t  t he  method of 
o r d e r  s t a t i s t i c s  seemed t o  o f f e r  no p a r t i c u l a r  advantage .  F u r t h e r ,  
s imi l a r  r e s u l t s  have been obta ined  and a r e  a v a i l a b l e  t o  check t h e s e  
r e s u l t s  . 
Cohen [ 2 ]  gave g r a p h i c a l  a i d s  f o r  o b t a i n i n g  s o l u t i o n s  t o  maximum 
l i k e l i h o o d  e s t i m a t i n g  equa t ions  f o r  t h e  mean and s t a n d a r d  d e v i a t i o n  of ' 
doubly  t r u n c a t e d  normal samples ;  t h i s  w r i t e r  [ 6 ]  modif ied Cohen's r e s u l t s  
and a l s o  gave t a b u l a r  v a l u e s  of asymptot ic  ( l a r g e  sample)  v a r i a n c e  and 
cova r i ance  f a c t o r s  f o r  t h e s e  e s t i m a t e s .  The l a t t e r  work is  extended i n  
t h i s  r e p o r t .  
11. MAXIMUM LIKELIHOOD ESTIMATING EQUATIONS 
The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of a random v a r i a b l e  x t aken  
from a normal ly  d i s t r i b u t e d  popu la t ion  is g i v e n  by 
L e t  xo be a known f i x e d  v a l u e  of the random v a r i a b l e  x and d e s i g n a t e  
xo as t h e  l e f t  terminus o r  t r u n c a t i o n  p o i n t .  
knc?wn f i x e d  v a l u e  of t he  random v a r i a b l e  x and d e s i g n a t e  i t  as t h e  r i g h t  
te rminus  o r  t r u n c a t i o n  p o i n t ;  w i s  t h e  range  of t r u n c a t i o n .  Le t  n be 
t h e  number of measured obse rva t ions  such  t h a t  xo < x < xo + w .  I n  popu- 
l a t i o n  s t a n d a r d  u n i t s ,  t h e  l e f t  and r i g h t  t r u n c a t i o n  p o i n t s  become, 
r e s  p e c t i v e  1 y , 
Let  xo + w be a n o t h e r  
3 
. * 
I f  F(E) denotes  the  d i s t r i b u t i o n  f u n c t i o n  of 5 ,  t he  p r o b a b i l i t y  t h a t  a 
s e l e c t e d  v a l u e  of  t he  random v a r i a b l e  E has t h e  r equ i r emen t s  f o r  i n c l u -  
s i o n  i n  a sample t h a t  i s  doubly t r u n c a t e d  a t  t1 and E2 becomes 
4 
where 
N E i )  = ,) cp(t) d t ,  i = 1 , 2  
-a3 
and 
the  s t anda rd ized  normal v a r i a t e .  Equat ion  ( 3 )  r e p r e s e n t s  t h e  area under 
t h e  normal curve  between o r d i n a t e s  e r e c t e d  a t  El and tj2. The p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  f o r  t h i s  ca se  can be w r i t t e n  as 
where F i  = F ( E i ) y  i = 1 , 2 .  The l i k e l i h o o d  f u n c t i o n  f o r  ( 4 )  i s  
4 
Taking t h e  loga r i thm of (5) f o r  ease  of d i f f e r e n t i a t i o n  g i v e s  
L = I n  P = cons t .  - n I n  a - n I n  (F, - F1) - 1' (xi - p)2/202]. ( 6 )  
L L  
i= 1 
For the  l i k e l i h o o d  f u n c t i o n  t o  be a maximum, i t  is  necessa ry  t h a t  










d e s i g n a t e  the  kth sample moment about  xo. From ( 2 )  
. 
Equat ions  ( 7 )  and (8) may be w r i t t e n  as 
and 
Expanding t h e  l e f t -hand  s i d e  of (10) and s u b s t i t u t i n g  from (9)  r e s u l t s  
i n  
and consequent ly  
which i s  the  f i r s t  e s t i m a t i n g  equa t ion .  Squar ing  (10) and s u b t r a c t i n g  




Expansion and s i m p l i f i c a t i o n  of t h e  l e f t - h a n d  s i d e  of ( 1 4 )  y i e l d s  
n 




t h e  sample v a r i a n c e .  Fron ( 9 ) ,  
u2 = w 2 / ( { 2  - p. 
Hence, equa t ion  (14) reduces  t o  
which i s  the  second e s t i m a t i n g  equa t ion .  
For any g iven  sample of s i z e  n ,  t h e  q u a n t i t i e s  ml/w (ml = - xo) 
and s 2 / w 2  may be computed and the  e s t i m a t i n g  equa t ions  
A 
so lved  s imul t aneous ly  f o r  z1 and t2. 
determined ,  ^a and fo l low from (9) a s  
Consequent ly ,  w i t h  t h e s e  v a l u e s  
(The c a r e t  (") s e r v e s  t o  d i s t i n g u i s h  maximum l i k e l i h o o d  e s t i m a t o r s  o r  
e s t i m a t e s  from t h e  parameters  be ing  e s t i m a t e d . )  Except f o r  s l i g h t  changes 




111. SOLUTION OF THE ESTIMATING EQUATIONS 
The s imultaneous s o l u t i o n  of e q u a t i o n s  (16)  and ( 1 7 )  i s  o f t e n  a 
Hence, t h e i r  s o l u -  
l a b o r i o u s  t a s k  s i n c e  t h e y  a r e  n o n l i n e a r  and n e i t h e r  e q u a t i o n  can be 
expressed  e x p l i c i t l y  as a f u n c t i o n  of t h e  o t h e r .  
t i o n  may r e q u i r e  some type of i t e r a t i v e  procedure o r  Newton-Raphson 
method [15].  Employing t h e  n o t a t i o n  
e s t i m a t i n g  equat ions  (16)  and ( 1 7 )  have t h e  form 
. 
\ 
and,  hence,  r e p r e s e n t  two f a m i l i e s  of curves  f o r  v a r i o u s  values- of k, 
and k,. For a g iven  sample,  k, and k, a r e  c o n s t a n t s .  I f  t h e  s u b s t i t u -  
t i o n  El = - E 2  and E 2  = - E 1  is made, (18) becomes 
Adding and s u b t r a c t i n g  El i n  t h e  numerator and making a n  a l g e b r a i c  s i m p l i -  




which shows t h e  graph  of Hl(El,E2) - k = 0 t o  be a r e f l e c t i o n  of  t h e  
graph  of H1(E1,E2) - (1 - k )  = 0 about  t he  l i n e  El + E, = 0 .  Thus, i n  
p l o t t i n g  H,(E,, E,), one-ha l f  t he  po in t s  may be  obta ined  by r e f l e c t i o n .  
which shows t h e  graph  of H2(E1,E2) - k = 0 t o  be  symmetric w i th  r e s p e c t  
t o  the  graph  of H2(-Ez,-El) - (1 - k )  = 0 abou t  t h e  l i n e  El + 5 ,  = 0. 
I n  p l o t t i n g  Hz(El,Ez), one-ha l f  t he  p o i n t s  may be obta ined  by symmetry. 
A s  a n  a i d  t o  s o l v i n g  (16) and ( 1 7 ) ,  Cohen [2 ]  graphed the  f a m i l i e s  
of curves  g iven  by ( 2 1 )  and ( 2 2 ) .  H i s  p rocedure  w a s  t o  compute 
H, = (Z - xo)/w and H, = s 2 / w 2  from sample da t a  and then  read  El and E, 
as  c o o r d i n a t e s  of t h e  i n t e r s e c t i o n  p o i n t  of t h e  two curves .  These 
i n i t i a l  estimates se rved  as f i r s t  approximations f o r  subsequent  improve- 
ment by a n  i t e r a t i v e  procedure .  
H2(E1, 5,) were ob ta ined  from abbrev ia t ed  t a b l e s  compiled by Thompson, 
Friedman and G a r e l i s  [13]  who t abu la t ed  t h e i r  v a l u e s  a t  i n t e r v a l s  of 0 .5  
f o r  t h e  arguments El and E,. An ex tens ion  of t h e s e  t a b l e s  [6]  was used 
t o  p l o t  curves  of E;, = cons t .  a g a i n s t  t h e  arguments H1(E1,E2) and Hz(E1,Ez>, 
t h e  i n v e r s e  of t h e  p r e s e n t a t i o n  used by Cohen [ 2 ] .  An improvement i n  
accu racy  of  t he  i n i t i a l  e s t i m a t e s  was obta ined  by t h i s  procedure .  
Cohen's v a l u e s  of H1(E1,Ez) and 
I n  an  e f f o r t  t o  f u r t h e r  improve t h e  accu racy  of t he  i n i t i a l  e s t i m a t e s  
of  s o l u t i o n s  t o  t h e  e s t i m a t i n g  equa t ions ,  new v a l u e s  of H1(E1,E2) and 
H2(E1,E2) were computed and rounded t o  1 0 D  f o r  t h e  arguments 
El = -5 .0(0 .1)  -0 .1  
and 
The computat ions were performed on an  IBM 1620 computer us ing  i n p u t  
v a l u e s  ( t o  l 5 D )  of t h e  normal curve o r d i n a t e s  and a r e a  [ 9 ] .  Func t iona l  
v a l u e s  of Z1(El , f ; , )  and 22(51,E2) were a l s o  computed and ,  t o g e t h e r  w i t h  
H1(El,Ez) and H2(E1,E2) v a l u e s ,  rounded t o  1 0 D  p r i o r  t o  computer o u t p u t  
on punched c a r d s ,  which were machine l i s t e d  f o r  i n c l u s i o n  i n  Table  I. For 
t h e  f a m i l y  of curves  El = c o n s t . ,  the t a b u l a t e d  v a l u e s  of H1(E1,E2) and 
H2(E1,E2) were p l o t t e d  and appear  as F igu re  1, which may be  used t o  
9 
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o b t a i n  i n i t i a l  v a l u e s  of t h e  e s t ima tes  El and g,. El = (2 - xo)/w and H2 = s 2 / w 2  a r e  computed and used t o  e n t e r  F igure  1. 
(1 is read  a t  t h e  i n t e r s e c t i o n  po in t  of t h e s e  values.., and t2 = -E1 is  
read  a t  the  i n t e r s e c t i o n  p o i n t  of Hi = 1 - H, and H,. 
El and t2 ob ta ined  i n  t h i s  manner a r e  then  used t o  s o l v e  the  e s t i m a t i n g  
equa t ions  (18) o r ,  i f  g r e a t e r  accuracy i s  r e q u i r e d ,  they  may be used as 
f i r s t  approximations t o  be improved upon by a n  i t e r a t i v e  procedure .  
Sample v a l u e s  of 
The v a l u e s  of 
IV. VARIANCE OF TKE ESTIMATES 
The a sympto t i c  ( l a r g e  sample) va r i ance -cova r i ance  m a t r i x  of t h e  
e s t i m a t e s  G and ^a obta ined  from (18) ,  is  found by i n v e r t i n g  t h e  m a t r i x  
whose elements  a r e  n e g a t i v e s  of the expected va lue  of t he  second o r d e r  
p a r t i a l  d e r i v a t i v e s  of logar i thms of t he  l i k e l i h o o d  f u n c t i o n  (6) , i . e .  , 
by i n v e r t i n g  the  informat ion  m a t r i x  
c 
where E [  ] deno tes  t h e  expected va lue  of t h e  q u a n t i t y  i n  b r a c k e t s .  S ince ,  
( i  = 1 , 2 )  
1 3  
. . 
i t  fol lows from ( 7 )  and (8)  t h a t  
n 
I n s p e c t i o n  r e v e a l s  t h a t  t he  on ly  expected va lues  needed a r e  E[ (x i  - p)2/a2] 
i n  (27) and E [ ( x i -  p.)/a] i n  (28) ,  s i n c e  t h e s e  a r e  the  on ly  q u a n t i t i e s  which 
c o n t a i n  the v a r i a t e  x .  It can be shown t h a t  
and 
From these  r e s u l t s ,  t he  r e q u i r e d  n e g a t i v e s  of t he  expected v a l u e s  of t he  
second order  p a r t i a l  d e r i v a t i v e s  of the  l i k e l i h o o d  f u n c t i o n  (6)  a r e  
obta ined  as 
1 4  
where 
$11 = 1 + Z l Z l  - i2z2 - (z, - Z 2 ) 2  
Substitution in (25) gives 
The asymptotic (large sample) variance-covariance matrix is found by 
inverting (31). Hence, 
V ( P , 3 )  = (32) I 
1 5  
w i t h  
f 
The c o e f f i c i e n t  of c o r r e l a t i o n  between t h e  v a r i a n c e  e s t i m a t e s  may be 
expressed a s  
( 3 3 )  
A A 
I f  i n  (30) t h e  s u b s t i t u t i o n  2, = - E 2  and E 2  = -Il is made, i t  fo l lows  
t h a t  
16 
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To s i m p l i f y  c a l c u l a t i o n  of the a sympto t i c  ( l a r g e  sample)  v a r i a n c e s  
and cova r i ance  of t h e  esti-mates and 3, t h e  a u x i l i a r y  f u n c t i o n s  p i j ( t l ,E2)  
i , j  = 1 , 2 ,  and p<p1,2,) were eva lua ted  on t h e  IBM 1620 computer and rounded 
t o  1 0 D  f o r  t h e  s a m e  arguments used t o  e v a l u a t e  t h e  f u n c t i o n s  of S e c t i o n  111. 
Likewise,  t h e s e  v a l u e s  were machine l i s t e d  from punched ca rds  and a r e  
inc luded  i n  Table  I. With t h e  excep t ion  o f  one e a r l i e r  b u t  less  e x t e n s i v e  
t a b l e  [6]  prev ious  t a b u l a t i o n  o f  these  v a r i a n c e  f a c t o r s  f o r  doubly t r u n -  
ca t ed  normal s a m p l e s  has n o t  been seen by t h i s  w r i t e r .  
For any  doubly t runca ted  sample, a f t e r  r e a d i n g  El and t2 from Fig-  
u r e  1, e n t e r  t h e  a p p r o p r i a t e  columns of  Table  I and i n t e r p o l a t e  t o  o b t a i n  
t h e  r e q u i r e d  v a l u e s  of p i j ( t l , t 2 )  i , j  = 1 , 2 .  The a sympto t i c  v a r i a n c e s  
and cova r i ance  may then  be approximated w i t h  ( 3 3 ) ,  t h e  e s t i m a t e  of  ;j2, 
and t h e  s a m p l e  s i z e  n .  S i m i l a r l y ,  ~ (6 , s )  may be  approximated from (35) .  
V. EFFICIENCY OF THE ESTIMATES 
The q u e s t i o n  of j o i n t  e f f i c i e n c y  of t he  e s t i m a t e s  6 and ^a ar i ses  
n a t u r a l l y  a t  t h i s  p o i n t .  Swamy [12] demonst ra tes  t h a t  t h e  j o i n t  
e f f i c i e n c y  of BAN ( b e s t  a s y m p t o t i c a l l y  normal) e s t i m a t e  [ 7 ]  of p and CJ 
based on incomple te  ( s i n g l y  o r  doubly t r u n c a t e d )  s a m p l e s  o f  s i z e  n 
depends on t h e  p o i n t s  of t r u n c a t i o n  E l  and t2, monoton ica l ly  i n c r e a s i n g  
t o  t h e  j o i n t  e f f i c i e n c y  of BAN e s t i m a t e s  of  p and a based on complete 
s a m p l e s  of t h e  same s i z e  as t h e  d i s t a n c e  between the p o i n t s  of  t r u n c a -  
t i o n  i n c r e a s e s .  S ince  maximum l i k e l i h o o d  e s t i m a t e s  a re  a l s o  BAN e s t i -  
mates,  i t  fo l lows  t h a t  t h e  maximum l i k e l i h o o d  estimates of  p and CJ based 
on a doubly t r u n c a t e d  s a m p l e  a r e  j o i n t l y  l e s s  e f f i c i e n t  than  those  based 
on t h e  complete  sample f o r  f i x e d  n. 
The j o i n t  e f f i c i e n c y  of  t h e  e s t ima tes  6 and a based on doubly t r u n -  
ca t ed  samples i s  de f ined  as . 
which is  t h e  r a t i o  of t h e  de t e rminan ta l  v a l u e  of  t h e  in fo rma t ion  mat r ix  
(25) f o r  a doubly  t runca ted  sample of  s i z e  n t o  t h e  d e t e r m i n a n t a l  v a l u e  
of  th i s  m a t r i x  f o r  a complete sample of s i z e  n .  
n o t a t i o n  of  S e c t i o n  I V ,  e f f i c i e n c y  may be expressed  as 




For a complete sample of s i z e  n ,  
Hence , 
and t h i s  q u a n t i t y  may be e v a l u a t e d  d i r e c t l y  from Table  I. 
V I .  ILLUSTRATIVE EXAMPLE 
To i l l u s t r a t e  e s t i m a t i o n  of IJ. and G from a doubly t r u n c a t e d  normal 
sample,  the methods developed h e r e  w i l l  be  a p p l i e d  t o  t h e  example g iven  
by Cohen [ 2 ] .  
The e n t i r e  p roduc t ion  of a c e r t a i n  bushing i s  s o r t e d  through go ,  
no-go gauges,  w i t h  the  r e s u l t  t h a t  i tems of d i ame te r  i n  excess  of 0.6015 
inches  and those  less than  0.5985 inches  a r e  d i s c a r d e d .  A random sample 
of 75 bushings s e l e c t e d  from t h e  screened  popu la t ion  r e s u l t e d  i n  
= 6.0014933 x s 2  = 3.71187 x 
x 0 = 5.985 x w = 3.0 10-3. 
Thus, 
H, = (2  - xo)/w = 5.49777 x 
H' = 1 - H, = 4.5022 x 
H, = s 2 / w z  = 4.1243 x 
I 







I n t e r p o l a t i o n  i n  F igure  1 g ives  
h h 
= -2.525 and E2 = 2.000 
as e s t i m a t e s  of and E2. S u b s t i t u t i n g  i n  ( 1 8 )  y i e l d s  
3 = w/& A - xl) = 0.0030/4 .525  = 6.62983 x 
Ah 
= 0.5985 - (6 .62983 x 1 0 - 4 ) ( - 2 . 5 2 5 )  = 6.0017403 x 10-l. A p = x - 051  
0 
From Table  I, v a r i a n c e  and covar iance  f a c t o r s  and the  c o r r e l a t i o n  between 
t h e  e s t i m a t e s  a r e  i n t e r p o l a t e d  as 
p11(zlYz2)  = 1.21710, pl2(Z1,Z2) = 0.17458, 
V 2 2 ( i l y i 2 )  = 0.93069, p($,a) = 0.16411. 
From (36) ,  t h e  j o i n t  e f f i c i e n c y  of t h e  e s t i m a t e s  $ and is 
e ( -2 .525 ,2 .000)  = 0.5/1.10226 = 0.4536. 
DT 
With ^a2 = 4.39546 x and = 7 5 ,  t h e  v a r i a n c e s  and cova r i ance  of 
t h e  e s t i m a t e s  and 3 a r e  approximated by ( 3 3 )  as 
V(G) - 7.13295 x lo” ,  V($) - 5.45441 x lo” ,  
Standard e r r o r s  of t he  e s t i m a t e s  follow a s  
c 
a(;) = m- 8.44568 x 
a($) = m-- 7.38540 x 
19 
VI1 . CONCLUSIONS 
The a u x i l i a r y  e s t i m a t i n g  f u n c t i o n s  g iven  i n  equa t ions  (19) and (20) 
cons ide rab ly  reduce the  computa t iona l  e f f o r t  r e q u i r e d  t o  e s t i m a t e  the  
parameters p and D of  a normal popu la t ion  from doubly t r u n c a t e d  s a m p l e s .  
F igu re  1 and  Table  I should  prove adequa te  f o r  o b t a i n i n g  t h e s e  maximum 
l i k e l i h o o d  e s t i m a t e s  i n  most p r a c t i c a l  s i t u a t i o n s .  R e l i a b i l i t y  of t h e s e  
estimates can be obta ined  from e q u a t i o n  ( 3 3 )  and t h e  a u x i l i a r y  e s t i m a t i n g  
f u n c t i o n s  ( 3 4 )  and ( 3 5 ) ,  a l s o  t a b u l a t e d  i n  Table  I. The j o i n t  e f f i c i e n c y  
of 6 and fo l lows  from ( 3 8 ) .  
t 
To e v a l u a t e  the  a u x i l i a r y  f u n c t i o n s  (19 ) ,  (20), ( 3 4 )  and ( 3 5 )  o n l y  
areas and o r d i n a t e s  of the normal curve  a re  r e q u i r e d .  Such t a b l e s  [8] 
a r e  r e a d i l y  a v a i l a b l e ;  however, i f  computer s u b r o u t i n e s  are  a v a i l a b l e  
t o  c a l c u l a t e  t h e  normal a r e a s  and o r d i n a t e s ,  e v a l u a t i o n  of  t he  a u x i l i a r y  
f u n c t i o n s  could be  reduced t o  s imply  s p e c i f y i n g  v a l u e s  of t h e  f u n c t i o n  
arguments and E 2  as i n p u t  t o  a computer program. Thus, t h e  e f f o r t  
r e q u i r e d  t o  o b t a i n  t h e  parameter e s t i m a t e s  would be f u r t h e r  reduced and , 
through i t e r a t i o n ,  t h e  accu racy  of  t he  e s t i m a t e s  could be  s p e c i f i e d  f o r  
any g iven  s i tua  t ion.  
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. 6 7 2 6 2 4 5 7 6 3  
.66'.315155Y 
1 . 1 2 3 6 5 3 1 2 4 4  




1. 'J3 37  3 5 ? 96P 
1. '12 5 6 779 b t  5 
1.119'126297L 
l .C1&6370665 
a 6 5 6 0 9 9 3 3 0 b  
. 6 4 7 9 9 2 7 6 6 1  
. 6 4 0 0 0 8 4 3 0 7  
. 6 3 2 1 5 6 6 8 7 1  
. L Z Y ' I I 5 & 5 C ,  
.0136&65824 
. 0 1 0 4 5 7 1 9 2 6  
- 0 0 7 9 3 5 7 3 0 7  




- 0 0 2 3 8 5 7 2 8 2  
+ 0 0 1 7 2 3 4 0 2 6  
. 0 0 0 8 7 2 8 8 6 0  
e 5 8 4 7 8 7 6 5 4 1  
. J o 9 j i R 5 F C i  
.5567?*907* 
.5"53R5%'75 





. o o o o o i ~ 8 7 1  
- 6 1 6 8 8 0 4 3 2 6  
e 0 0 0 6 1 1 9 9 9 5  
. 0 0 0 4 2 4 8 2 6 2  
. 0 0 0 2 9 1 9 6 8 1  
. 0 0 0 1 9 8 6 6 5 1  
. 3 0 0 1 3 3 8 3 & 5  
e 5 8 1 3 2 4 3 5 9 0  . 0 0 1 3 ? 9 6 9 4 7  
. 5 7 4 6 b 3 9 8 4 0  
- 5 6 8 1 4 8 8 0 8 9  





. 0 0 0 0 0 1 4 8 6 7  
.OCO0014867 
. 0 0 0 0 0 1 4 8 6 7  
. O C 0 0 0 1 ~ 8 6 7  
. 5 5 5 5 4 0 8 5 0 3  
. 0 0 0 0 8 9 2 6 3 5  
. 0 0 0 0 5 8 9 4 ? 9  
. 0 0 0 0 3 8 5 3 5 5  
. 0 0 0 0 2 4 9 4 2 6  
. 0 0 0 0 1 5 9 8 3 8  
.5494409037 
. 5 4 3 4 7 2 0 1 5 5  
e 5 3 7 6 3 0 4 2 4 9  
1 5 3 1 9 1 2 3 9 8 3  
- 5 2 6 3 1 4 2 6 3 5  
. 0 0 0 0 0 1 4 8 6 7  .0000101409 0 5 2 0 8 3 2 4 3 1 9  
.000001&867 . 0 0 0 0 0 6 3 6 9 8  .515Lb34141 
m0108501076 
.0106277246 
6.8 .OU00014867 . 0 0 0 0 0 3 9 6 1 3  . 5 1 0 2 0 3 8 2 9 1  .0104120528 ... ~. 
4.9 ~ 0 0 0 0 0 1 4 8 6 7  .0000024390 .505050C089 .0102028427 1.OGd0193851 . n o o o i 5 8 0 1 ~  
5.0 ~ 0 0 0 0 0 1 4 8 6 7  . 0 0 0 0 0 1 4 8 6 7  . 5 0 0 0 0 0 0 0 0 0  .0099998513 1 . 0 0 0 0 1 4 8 6 7 a  .50"0966556 . o m ~ n n o w  
2 3  
. 
TABLE I. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued) 
€,=-4.9 
.C9*3811994 5 .0558783668 .9P989910CC 
.3U2573*775 4 .7806136255 - 0 5 8 8 4 9 7 6 2 2  157ihY.cr&u02c1)!23 
.0533250&05 90826.84111.r00100 
. 0 4 8 1 6 9 7 & 7 5  572 '8 .1002hSibZE 
.043482028b , 3 8 5 8 1 . 3 0 h l 1 2 7 1 1 2  
-4.q 









- 3 . 4  







- 2 . 6  







































1 .5  
1.6 
1 .7  
1.9 
2.0 
2 . 1  
2.7 






3 . 0  
3 . 1  
1.: 
4 . 1  
S.6 
1.5 
) . 6  






2 .n  
( 3 . 1  
L . 7 
!I . 3 
1. . 4 
il . 5 
4.6 
4.7 
el . R 
I8.C 
. 9 9 m 5 0 0 3 8 5  
.9997892953 
. 9 9 9 7 1 6 6 5 4 6  
a 9 9 9 6 3 1 9 7 4 3  





3 .857430612?  
3 .75913&55&8 




3 . ? i 7 8 6 9 8 0 2 7  
.0392978715 
.0356116860 
- 0 3 2 3 9 3 0 3 0 3  
a 0 2 9 5 9 8 7 9 6 6  









e 0 0 2 5 2 1 8 6 9 1  
e 8 5 1 3 3 8 3 7 9 5  
. 8 5 5 0 8 6 4 1 2 0  
- 8 5 8 3 3 6 9 3 2 0  
. 8 6 1 1 4 3 4 0 8 5  

















. 0 1 8 2 2 1 5 8 9 7  
a 0 1 6 5 9 5 h 9 9 8  
.015942786* 
- 0 1 5 3 7 8 7 1 2 4  
. o i 7 3 5 0 2 2 8 5  
. 8 6 7 3 1 0 6 5 8 1  
.E687209904 
. 8 6 9 8 1 8 6 4 2 1  
. 8 7 0 7 1 1 6 1 9 9  
r 8 7 1 3 2 4 7 2 0 0  
. 8 7 1 6 9 9 9 6 3 1  
. 8 7 1 0 ~ 6 9 5 1 0  
.87177316OY 
. 8 7 0 9 8 3 9 5 1 6  
. 8 7 1 4 8 4 1 8 8 7  
L2.9941939166 
35 .5594161777 
3 2 . 3 5 6 1 7 9 5 5 1 1  
2 Y . L 4 4 b R V 7 8 1 ?  
26.190720&526 
2 6 . 3 f 7 ? ? 5 0 6 3 7  
2 2 . 1 5 1 5 1 R h l 7 1  
2C.1213135525 






1 . 5 2 5 1 3 ~ 8 8 2 5  
1.4456468b20 
1. J 6 7 4 0 5 3 b 2 0  
1 .2905018957 
1 . 1 ~ 1 0 7 9 5 4 1 6  
1 .0187576580 
. 9 2 9 4 1 6 9 3 b b  
.862b18169R 
. 7 9 7 8 8 5 3 ? 5 5  
1 . 2 1 5 ~ ~ 7 8 8 3 2  
. ~ 9 8 1 6 7 z ~ d 7  
.0129"53539 
.01319754*3 
. 0 1 3 3 3 1 4 6 5 7  
- 0 1 3 4 8 8 2 5 9 5  
. 0 1 3 6 6 6 9 5 5 5  
. 0 1 3 8 5 6 5 5 7 6  
.851'887hU0 
.8448061 '169  
. n h n 2 2 5 ~ u * ~  
. n 3 7 1 6 7 2 5 5 6  
. 8 2 8 4 1 7 7 3 9 7  
. n 1 8 5 1 3 3 2 2 ~  
. H I 1 1 2 2 2 7 7 2  
. R3293*423'1 
$ 8 2 3 6  12041 3 
.8 1 3  1 I90260 
.0154295010,  
. 0 1 5 7 1 4 1 6 9 7  
.3675b16'181 
. 3 2 6 1 C Y O t i 5 3  
.2076co  I 3'17 
. b 9 1 h 0 2 1 9 0 1  
.68507G3225 
. b 7 6 5 7 8 9 ? 5 9  
. b o 8  I k D  1 176 
. 4 5 9 7 7 9 @ 0 7 7  
. I 9 7 h 7 v 1 64') 
. h L 3 3 :  I 2  I 7 5  . h 3 5 31 1 3  3 c> 3 
. 621*4080VIr  
. 6 1 9 6 9 1 7 2 1 7  
!4 


























- 1 . 1  
-1.6 

















0 .2  














































. 6 7 3 7 6 1 6 8 1 5  
. t Y Y l l Z ~ O I I  
. 7 2 2 6 0 0 @ l t 5  . '1.2 b'rllP 5  5 5 
e 0 5 9 6 2 5 2 2 7 6  
. 7 h l l 1 8 ' 1 0 1 2  
. 7 7 5 1 3 8 9 1 4 5  
. 7 8 8 ~ 9 a n ~ 2 8  
.7919'7??12 
.P09891C45b 
. n i 8 5 3 + 9 1 ' 2  
. u ? 2 6 0 5 e i n i  






? . 3 1 @ 9 b 7 ? 7 1 6  
~ . Z E ~ O Z ~ Z ~ Y ~  
. 8 & 1 6 0 6 2 3 3 &  
e 8 5 1  3612971 
.85LblC6?1L 
.85?*075391 
. e591961553 2.8231056691 
. 0 1 b l 3 0 5 4 2 7  
. 0 1 5 6 3 4 8 1 3 9  
. 0 1 5 2 1 0 & 3 8 6  
.OIL8497368 
e 0 1 4 5 4 6 2 3 3 3  
.01929LLb43 





1 . 9 3 8 7 ~ 0 1 8 8 5  
. 8 6 1 5 8 2 9 0 2 2  
. 8 6 7 6 4 3 0 3 1 9  
r 8 6 1 4 7 3 1 2 5 0  
. 8 6 7 0 7 8 5 1 7 2  
. D l 3 6 7 2 6 9 6 8  
1 . 5 2 5 1 4 2 9 0 2 6  ! 1.1791673 '22  
.0138817**5 
.01*0052704 
. 0 1 4 1 5 3 2 8 9 1  
.01G3246709 
.GI45182721 
1 2 7 ~ 5 9 5 1 6 4 5 0 7 9  
106.033871093L 
E7.8902V8834q 
1 2 . b 6 9 2 b 4 6 5 6 1  
5 9 1 9 3 9 5 6 8 2 1 4 8  
1 .0687586324 
8 . 8  b2'i 16 3 312 
e 7 3 5 3 3 2 8 2 9 1  
. 6 7 5 0 ? 4 1 0 4 3  
. b 1 7 2 2 1 6 k b l  
.509161@1EO 




. 8 1 5 0 2 3 5 8 8 5  
. a 0 9 5 9 3 3 6 1 7  
.60386255Q2 
. 1 9 7 8 3 2 7 3 5 3  
. 7 9 1 5 0 ? 7 1 9 9  
. 7 8 & 8 9 3 9 7 2 b  
.7780007700 
. 0 1 6 0 6 5 3 0 2 6  
. 0 1 6 3 6 9 1 6 1 6  
.0166800*95 
. D l 6 9 9 3 7 6 8 1  
. 0 1 7 3 0 6 9 7 3 4  
1 8 . 1 4 0 3 9 2 ~ ? 7 4  
I ( l .813128C493 
1 2 ~ 1 0 2 6 ' l 5 2 5 7 6  
9 .9010171151 
8 .1185661659 2 . 4 1 1 1 2 5 2 5 1 9  
b.679861LB05 
5 .5221J29212 









. 4 1 1 9 2 5 1 8 1 5  
e3675617Y49 
. 3 2 b 1 @ 9 2 1 0 @  
.2876PO2&21 
.2520bbZ?RO 
e 2  19'13 b '42 7  
. 1 8 9 1 ? 5 2 0 2 1  
. 1 6 2 8 8 l i L 8 4  
.138789e68* 
.1173517189 
. 3 9 8 4 3 6 0 0 1 &  
. 0 8 1 8 9 2 6 5 2 4  
. 0 6 7 5 5 5 8 3 9 7  
.0552L79075 
.7708k03&b6 
. 7 6 3 4 2 7 0 5 5 6  
.1551818334 
. 1 1 7 9 ? 3 0 5 8 2  
. 7 3 9 8 7 5 2 9 7 8  
e 0 1 8 9 3 7 1 3 4 8  
. 0 1 9 1 2 5 1 0 8 4  
a 0 1 9 2 7 7 1 5 8 7  
. 0 1 9 3 9 1 6 8 8 3  
. 0 1 9 4 6 4 1 8 1 7  
1 .3319363565 
l . I 0 9 l u 5 0 ? 1 0  
.9217Y18297 . 164192815'1 
. 6 3 2 8 6 4 4 3 1 6  
1 .L031955562 
1 .28753169tY 
1.16674 1 8 4  7 1  





. 1 @ 5 4 ? 9 5 7 6 9  
. 1 ~ 3 5 1 1 1 6 8 6  
.62991 '8271 
.5?306:1112 
a b 8 2 6 4 3 4 2 3 6  
. "3228331Ci  
.3 e 307  18576 
. ? 1 1 7 1 5 7 7 9 1  
. 2 7 1 3 ~ l l i O l  
.25O2hPOO'l 
e 2 1 2 8 8 9 8 7 3 7  
.1:93811157 
.lGY7*7365C 
. I 2 3 8 6 5 7 5 2 6  
. l o 1 5 2 5 9 1 5 3  
. 5 a 2 + a 3 a v 1 3  
.019*93327* 
. 0 1 9 4 7 8 1 0 8 1  
. 0 1 9 4 1 8 4 5 2 0  
a 0 1 9 3 1 5 2 3 9 2  
. 0 1 9 1 ? 0 2 6 0 5  
. 0 1 8 9 8 6 1 3 1 6  
. 0 1 8 7 6 b l b 8 8  
e 0 1 8 5 1 4 2 3 4 9  
- 0 1 8 2 3 4 5 6 8 3  
. 0 1 7 9 3 1 6 0 6 6  
1.12'1058U442 
1.33211 6 0  012 5  
1 . 2 6 0 3 0 3 9 6 6 7  
1 . 2 0 3 & 9 6 9 6 1 1  
. 0 4 4 7 8 ? 6 6 5 7  
. 0 2 8 6 3 4 1 3 b l  
. 0 2 2 5 7 9 6 4 5 7  
. 0 1 7 6 3 7 8 3 9 6  
. n 3 5 9 ? ~ 1 9 5 1  
r 6 8 9 1 6 2 1 7 2 1  
. b e 0 5 7 5 6 0 3 2  
. b 7 2 0 2 3 9 2 5 1  
. 6 6 3 5 3 1 1 5 9 5  
.6551181502 
a 5 6 9 1 8 1 3 3 4 5  
. 5 5 6 3 0 & 5 C 3 3  
e565115621J2 
. 5 3 6 4 1 ? 6 5 4 6  
~ ~ " " . . . ~ ~ .  . I j j  ; , * .  
. 5 ? 2 7 5 1 8 2 5 1  
.5177'033'7 
. 5 1 3 7 0 3 3 e 5 9  
.CC23857294 
.OD17234034 
e 0 0 1 2 3 2 6 3 5 5  
.300872886L 
. 0 0 0 b l ! 9 9 9 8  
. 0 0 0 4 2 4 1 2 6 4  
. 0 0 0 2 9 1 9 6 8 3  
. 0 0 0 1 9 8 6 6 5 ?  
1 . 0 0 2 2 6 3 9 b 4 3  
1 ~ 0 0 1 6 1 2 7 6 0 ~  
1.00113Y6995 
1 .0001994515 
1 . 0 ~ 0 5 5 7 0 6 7 8  
1 . 0 0 0 3 8 6 2 1 2 5  




1 . 0 0 0 0 6 5 6 7 5 1  
1.00001189263 
1 .0000?803CC 
. 0 1 2 9 0 6 0 6 4 4  
. 0 1 2 6 1 9 8 0 8 1  
a 0 1 2 9 4 2 3 8 7 9  
. 0 1 2 0 7 3 6 0 5 6  
- 0 1 1 8 1 3 2 2 3 5  
. 0 1 1 5 6 0 9 7 8 8  
. 0 1 1 3 1 6 5 9 5 0  
. 0 1 1 0 1 9 7 9 0 0  
. 0 1 0 ~ 5 0 2 8 1 8  
e 5 0 0 3 1 2 9 8 9 h  

















- J . l  
-3.b 
-1.5 
- 3 . *  
- 3 . 3  
- 3 . 2  
-3.1 
- 3 . 3  
-2 .1  
-?.a 
- 2 . 1  
- ? . b  
-2.5 
- 2 . i  













- L A  
- , . b  
- . . I  
-u .b  
- J .5  
-u.* 
- > . I  
-7.: 
-11.1 . <l  
U.l 
J.? 
J. 2 ".* 
u . 5  
? . b  
, l . l  








1 . 7  
I .H 




2 . 1  
2 . i  
2.5 
2 . 6  
2 . 1  
2 . "  
3.2 
3.1 
I . ?  
3 . 3  
1 . '. 
1.5 
8.6 
1 . 1  %." 
I .  # 
4 . &. 
I. . I 
i . .' 
i.l 
,. . i 
4 . 5 




.~ .... .. . 
. o b n 3 9 9 9 3 9 z  
. n 5 5 n 9 9 0 2 1 i  
. 0 5 n i n 2 4 8 7 1  
.0'15513bb59 
. 0 4 1 3 1 8 3 6 2 2  
.0311022*11 
. 0 3 4 6 6 5 5 1 8 1  
.03163'1'1599 
.029LbB5982 
. 0 2 5 1 b 1 8 l b l  
a 0 2 3 5 5 6 4 3 2 2  
. n 2 7 n z b 3 8 n ~  
. ' 3 8 b 7 5 i b l R  
1560683599 
e 1 1  1 2 2 3 8 0 9 8  
c 
3 0 L . 1 2 3 8 k ii 0 b ? 1 
2.313;512363 
e 0 1 5 3 2 0 3 4 4 5  
1 5  l.i 1 1 6 7 6 4  I 1  7 




2. '1 2 Q, 2 6 6 0  R 
26  
rABLE I. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued) 
I 
-9C98851664 
.Ob11732530 132525-7421l28Lt .7  1 5 5 1 4 . 5 3 1 ' ~ 0 5 6 1 0 1  1835.bb45826268 . 9 9 9 8 2 8 6 6 6 3  












2 . 1  
2.6 
2.5 


















































3 . 0  
3 . 1  
3 . 2  
4.3 
3 . "  
3.5 











4 .  1 
9.2 




- 5 4 6 8 2 2 5 1 3 6  
.3'130740247 - 6 9 2 4 6 4 5 3 6 6  
4 .32011C2463 
4 .156680808"  
4 . 0 1 9 2 1 8 5 4 2 1  





3 . 3 8 3 5 8 3 9 7 2 6  




2 . 9 1 5 3 7 8 6 0 5 1  
2 . 8 2 3 7 0 5 3 8 8 8  
7 5 5 0 1 . 7 7 i i 4 3 6 2 9 7  
4 6 9 4 4 . 2 0 6 2 8 6 3 9 6 2  
3 1 1 9 0 . 8 9 9 6 8 3 b l 9 8  
15903.  I 3  5 14 1 2  6 5 L 
2 1 8 2 1 . 8 0 5 6 ~ 5 1 2 3 8  
90 28.2I  1 38 3'. 75 5 
5 7 0 9 . 1 3 7 1 8 5 3 8 6 8  
3 8 6 1 . 1 1 Y 0 6 r i ? 5 9  
2  7  5 1.9- 9 1 8  b 6 57 1  
2014.8655163C77 
l S 1 1 . 1 3 1 5 1 ? l 0 Z 8  
12LC.2852127177 
1300.8951129917 
h 8 5 . ~ 3 4 2 2 4 ~ 5 1 1 8  
8 2 7 . 3 ~ ~ 7 1 2 0 7 8 2  
lCSd.10C7921095 
b'li.171664225', 
4 78.33'32 3 3 5 1 5  : 
3 ~ 7 . 1 1 6 3 L 5 1 5 9 1  
2 6 ? . 2 8 6 4 1 2 3 5 1 8  
2 0 6 . ~ R 1 5 7 3 3 2 3 1  
! E ( . .  5 I 5 1  7 1 ? ?  5 
1?1.1R579%l6551 
1 1 5 ~ i ~ 2 1 1 6 5 1 C ?  
7 8 . 5 8 8 1 8 1 2 9 2 6  
, 2 2 0 5 3 0 5 & 2 7  
. '14438338*2 




e 0 2 1 0 6 9 1 9 9 7  
. 0 1 0 5 0 3 3 1 3 4  
. ~ i r l n 0 3 6 1 2 9  
.oL752&084I  
.9997585 '35  
e 9 9 9 6 7 4 1 5 9 2  
- 9 9 9 5 7 6 7 6 5 6  
. 9 9 9 4 6 0 0 Y l l  
. 0 9 1 7 i ' 8 7 i 2  
. 9 7 Q 1 8 3 9 6 b z  
.770P?2?1'5 
-09RRr43299 
. 4 7 1 6 4 9 8 0 5 7  
.99R&37828C 
.99R7072071 i i e . 2 ~ 3 1 ~ 1 7 1 2 8  
ti 2 2 .i ~t 9 a 9  5  5063 
4Y2.3613815961 
?64 .6362 '1280?2 
316.1958159056 
8 5 . 2 2 1 7 6 0 5 7 8 2  
2 . 7 3 2 5 6 5 3 6 1 3  
2 .6b19552480 
2 . 4 b 2 3 6 9 1 2 ~ 1  
2 .3734359113 
2 .5518838199 
. 0 u 0 3 5 3 1 6 2 0  2 .2851150137 . 8 5 7 & 9 5 6 1 0 5  
e 8 5 8 1 5 7 1 5 3 7  
.8585C12615 
. 8 5 8 6 5 9 3 4 8 6  
. 8 5 8 5 2 0 4 2 8 3  
724.6359585168 
614r '1501751 ' rCl  
5 2 0 . 3 3 9 1 1 9 5 3 5 4  
4 3 9 . 9 5 0 3 2 4 7 ? 9 6  
311.3113115407 
312.159G396773 





.9931501668 9 ? i e i i 2 ~ 8  
.9?191YiL11 
. 9 7 0 9 ? 9 1 3 2 6  
~~ ~~ .
2 . 1 9 7 ~ 6 2 2 2 2 8  
2 .1101579601 
2 .0242070159 
1 .9381384699 a01553Y9792 
.a154226588 
. 0 1 5 3 1 6 1 9 8 5  
. 0 1 5 3 5 0 5 9 6 7  
. 0 1 5 3 1 7 2 0 3 8  
. 0 1 5 3 5 1 6 1 8 2  
,/.'', C .  7 i  









1 . 2 1 5 0 3 5 1 1 9 1  
i . 1 4 1 ~ 8 5 5 8 3 0  
178.15'395'7579 
~ 0 1 6 1 b 6 6 0 1 9  
. 0 1 6 3 8 9 1 8 4 7  
. 0 1 6 6 3 2 0 0 1 1  
. 0 1 6 8 9 2 9 9 0 5  









6.5 6 7 1 5 8  194 1  
3 .8505746170 
. i 2 . 2 3 6 3 5 2 5 8 0 5  
. 7 3 5 3 3 1 6 2 6 0  
.b750756*17 
- 6 1 7 2 2 2 9 6 3 7  
r 5 0 9 1 6 1 9 8 9 4  
. 5 6 1 8 8 4 5 1 ~  
a 8 2 2 2 1 3 2 2 5 4  
-8176Y62219 
. 8 0 7 6 2 6 1 9 1 5  
a 8 0 2 1 2 7 9 1 5 8  
. 8 1 2 8 1 ~ 9 8 9 *  
1 8 . 1 5 8 7 3 ' 1 * 9 3 ~  
111,8262996556 
1 2 ~ 1 1 1 6 4 1 7 1 2 5  
9 .9072767532 
8 . 1 2 2 8 7 6 5 0 8 6  
6 .6828369588 
5 . 5 2 4 1 7 0 9 0 8 6  
Y.59 ' ' , *5 '9A 4. 9463L5698 
3 .2566879628 
3.850'1907100 
2 . 2 1 7 4 6 0 7 5 1 b  
2 . 0 1 i a 0 2 1 ~ 8 8  
1  .a33911 1 ~ 2 0 0  
1 . 6 7 2 8 1 1 8 4 3 2  





1 . ~ 9 8 ? 5 2 0 3 7 8  
.0000128668 
.000012Y284 




1 . 8 7 a i 4 0 8 9 6 3  
2 . ~ 0 8 U 9 1 7 L 3 1  
2 .1100704130 
1 .6875916521 
1 . 3 3 2 5 1 1 1 4 7 0  




. o b o o i a i 2 8 8  









- 1 1 7 3 5 1 8 8 2 6  . 7 2 3 0 0 9 4 9 1 3  . 5 7 7 7 5 0 7 1 5 0  
.0;07337*05 
- 0 2 0 6 5 0 3 8 9 0  
. 0 2 0 5 2 1 4 9 8 5  
e25'2075991 
. 6 7 9 8 8 & 5 6 7 i  
. 6 7 1 1 8 1 6 8 2 5  
. 6 6 2 5 1 8 2 7 2 0  
. b 5 3 9 1 8 6 4 9 9  
. 6 4 5 4 0 4 5 5 5 1  
.0201359328 
. 0 1 9 8 8 5 6 9 6 1  
. 0 1 9 6 0 2 4 9 7 7  
. 0 1 9 2 9 0 8 6 4 6  
. 0 1 8 9 5 5 5 i a i  












~ 1 5 b 1 7 1 7 O O 3  
- 1 2 6 0 6 4 1 3 3 6  
. l o 1 2 8 5 1 9 2 7  
. 0 8 0 9 6 1 2 1 2 1  
.06'13534436 
. 0 5 0 8 4 1 3 9 2 6  
0 0 3 1 0 9 3 7 7 8 8  
.0399018812 
. n 2 1 & 5 1 3 ~ 2  
.707117316G 
. 6 7 5 1 9 1 2 2 4 1  
e 6 4 7 2 6 6 3 6 5 9  
. 6 2 3 1 6 4 7 3 8 0  
. 6 0 2 3 8 6 2 5 6 6  
. 5 8 & 5 6 3 3 0 9 ?  
. 5 6 9 3 6 2 0 1 7 1  
.556'17821C4 
.5 '156341250 
.%h=, ,L77hh  
- 2 1 2 8 2 2 6 7 7 6  
.1703090173 
. 1 4 9 6 1 0 1 3 8 1  
.1237849172 
. 1 0 1 4 & 2 4 7 2 9  
.o< o o i u i a 8 *  




. 0 0 0 0 1 0 1 5 0 7  
.0000101478 
~ 6 3 6 9 9 6 9 h 1 8  
. 6 2 8 1 0 5 8 8 5 5  
0 6 2 0 5 5 0 5 9 7 5  




I . O " L 9 1 5 ~ 1 0 7  
1.0063778885 
1 . 0 0 3 1 7 8 2 8 2 i  
.0257113153 
e 0  1 9 3  123790 
. 0 1 & 6 3 2 2 6 5 9  
~ O l C 9 6 3 1 8 2 1  





. o n i ~ i & n 5 7 +  
e01811424648 
a 0  1 LO2 1 8 3 7 9  
. n i n 5 h i 5 i i 6  .""""1"1458 
.OCOO1014&3 
.0000101&32 
. o ~ o o i n i 4 2 5  
. 0 0 0 0 1 0 1 4 2 0  
. 0 ~ 0 0 1 0 1 4 1 6  
.OU00101414 
.OUOO1OI'I12 
. 5 6 0 9 0 2 2 1 2 4  
. 5 5 4 1 6 6 9 0 5 4  
e 5 1 7 5 8 5 4 9 6 8  
.5'1115'+2913 
. 5 3 & 8 6 9 3 3 8 0  
. 0 1 4 8 3 8 6 3 4 4  
.01*15594% 
.013829*605 
, 0 1 3 5 1 2 9 5 2 9  
.0144923982 
. 0 0 0 0 8 9 2 6 3 7  a 5 2 8 7 2 6 5 3 7 6  1 . 0 0 0 4 1 3 7 6 2 8  
1 . 0 0 0 2 1 2 5 3 6 3  
1 .0001564608 
1 . 0 0 0 2 9 ~ 6 8 5 6  
i . o o o i i a 5 9 6 i  
.0006854168 
. 0 0 0 & 3 8 3 6 9 5  
. 0 0 0 2 6 3 7 8 8 9  
. 0 0 0 0 5 7 5 4 7 8  
.0001*18n98 
. 5 0 5 4 9 ? 8 6 3 4  
























1 . 1  





































2 . 3  

















1 . '  
3 . r  
4.t I  
4.1 
i . 2  
'4 . 3 
*.a 




4.068b'?b 2" I G 
3.9297335375 
3.806'194471 7  
.bR87709919 
.710935&&70 
. 1 3 0 5 0 2 1 3 2 1  
. 7 & 1 6 0 1 5 1 3 2  
- 7 b 2 7 3 3 0 6 4 3  
. 0 3 9 8 9 8 & b 0 0  
. 0 3 b b b 3 0 2 l l  
. 0 3 3 0 1 1 2 3 6 4  
. 0 3 1 3 1 0 2 4 0 9  
1 0 2 9 1 2 4 2 7 5 1  
.azo2793217 . 0 2 1 2 1 7 0 3 3 9  
. 0 2 5 5 5 i & ~ i a  
.OZ* I IZEO~~ 
.022056721R 
- 0 2  1 7 6 5 5 0 5 1  
. 0 2 0 0 1 8 5 9 R b  
a 0 1 9 9 9 0 3 1 3 4  
.0192095072 
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. 7  7 32" 3 1 ' I I 
. b 3  84 1 8 19 I 7  .h78792621R 
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. h b @ l 9 @ ? 3 ? 1  
. 6 5 1 b l b 4 2 7 6  
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. 0 8 1 V P b l 0 2 7  
.Ob756b8528 
. 0 5 5 2 5 5 8 5 9 2  
. c 4 4 1 9 n 8 8 5 8  
. 0 3 5 9 8 n 5 7 1 7  
. 0 2 8 b 3 8 7 1 9 2  
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.Ob21560775 
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.OI'IhB1. I Y  3Y 
.015YY296'14 
. O l 3 I U 8 3 4 8 5  
.O 108 3 7 5 6  3 1  
.OUYOIbV895 . OL' 1,993 I 3 7 
.O l I  5 508 5 7 3 b 
. o u w 4 3 6 2 8 3  
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2 . 1 2 I ' I 3 1 6 6 ~ 7  
2.011 1 7  58 2 b 95  
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4=-3.5 (Continued) 1 
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-ABLE I. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued) 
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.0b011b119C 
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1 .078491698r  
1 .0621903803 
1 .0495310614 
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'02P18 . l o 6 3 9 9 2 8 3 8  
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. 0 8 1 9 5 0 9 9 5 4  
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.0359998518 





- 5 9 5 7 7 6 2 5 8 3  
. 5 8 6 3 7 3 9 8 8 3  
. 5 7 7 0 4 6 8 3 * 9  
a 5 6 7 8 2 3 2 6 6 1  
~ 5 5 8 7 2 8 1 7 8 2  
. 1 8 2 8 ! 0 1 t 3 2  
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. 0 0 4 t h 0 8 9 4 1  
.5&978291*1  
. 5 4 1 0 0 5 0 2 1 7  
. 5 3 2 * 0 8 4 * 0 1  
.52'+0036758 
. 5 1 5 7 9 8 n i 4 2  
. 5 0 7 1 9 6 1 5 9 7  
. 5 0 0 0 0 0 0 0 0 0  
e 0 2 8 4 3 9 2 8 4 0  
- 0 2 7 6 9 3 7 6 8 1  
.0269466652 
- 0 2 6 2 0 3 4 9 5 4  
.025Ub90020 .00238895*6  
. 0 0 2 3 8 8 0 3 9 8  
.Ob23873691 
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. 0 0 3 2 7 2 2 3 3 8  
. 0 0 2 3 8 7 3 6 9 1  
e 0 2 4 7 4 1 1 2 9 4  
. 0 2 b 0 4 1 0 3 6 1  
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. 9 3 1 5 5 8 2 1 1 8  
. 6 6 4 4 3 5 1 1 7 8  
. . I 9 9 4 3 1 6 2 6 0  
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.0361211072 
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. 8  8 9 9  5 75Y9' 
.870463075 '  
. 0 3 6 5 1 1 0 3 0 8  
.036547543*  
.0366030100 
a 0 3 6 6 6 8 7 7 2 3  
.4597601125 
. 3 6 8 0 1 3 2 3 3 9  
. 3 2 6 6 9 6 0 7 7 5  
. 2 8 7 9 3 1 1 1 1 1  






. 0 3 6 1 3 6 0 2 0 0  
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. 2 5 2 3 2 1 7 8 3 3  
. 2 1 9 6 7 6 7 4 5 6  
.1899385177 
. 1 6 3 0 5 2 8 3 8 6  
.1389338073 









1 .1102122856 .0360299912 
.6353165708 . 0 3 5 6 8 6 1 8 0 5  
e 0 3 5 2 1 9 1 9 0 3  
e 0 3 4 8 0 8 6 1 5 4  
1 .5393541215 e 5 2 8 2 9 0 0 6 8 5  1 .0334801226 
e 9 6 0 4 8 7 5 7 5 6  
,89911115482 
. 8 4 5 3 7 6 7 6 2 0  
. 7 9 8 9 0 7 9 3 7 3  
.6260181152 
.6166157379 




. 2 2 5 3 0 8 5 3 3 1  
. I 7 9 2 5 3 4 3 1 6  
.1413105180 
. l l O l 2 2 8 l b 2  
.08'15563572 
.Ob36632819 
. 0 3 4 2 7 8 0 0 7 1  
e 0 3 3 6 9 1 7 3 8 7  .5976556007 
.5881734090 
.5787369873 
. 5 6 9 3 7 8 3 9 2 3  
.560126&289 
.5510063250 
- 5 4 2 0 3 9 5 5 3 3  
. 5 3 3 2 4 3 1 9 6 1  
. 5 2 4 6 3 3 0 3 9 6  
. 5 1 6 2 1 7 1 7 5 9  
.5080052892 
.5000000000 





. 0 1 3 6 5 9 8 5 1 7  
. 0 1 0 4 6 7 3 5 3 1  
.0019434342 
.0059694463 
- 0 2 9 3 6 8 7 9 8 8  . 0 4 6 6 5 0 8 9 4 3  







; o r l s 9 1 8 9 b  




. 0 0 1 4 4 2 1 4 3 1  
,0032731533 
. 5 6 8 7 0 ? 2 1 3 8  
e 5 6 0 4 5 2 1 6 3 0  
. 0 0 1 ~ 0 7 8 4 2  
.oooononoi e 0 0 3 2 1 3 1 5 3 3  1 .0207139091 
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rABLE I. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued) 
El=-3.0 I 
.911946b311 3 1 6 0 6 8 1 8 8 Y 3 3  . b I C 2 5 5 4 7 5 b  . 0 1 5 4 8 3 3 2 1 7  93358.535?L01173 1 7 1 0 8 . I 0 5 7 5 ' C ~ I 5  3 1 3 6 . 8 6 ~ 1 4 2 1 5 8 P  . 9 9 0 7 1 6 1 5 I S  -2.5 
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. 6 9 4 8 0 7 5 3 1 5  
. 7 0 4 2 2 6 8 5 3 5  
. 7 1 2 5 1 8 6 b l l  
. 7 1 9 7 6 2 2 2 3 9  
. 7 2 6 0 3 2 1 7 6 0  
12'1.11171160'1'1 
9 4 . 2 9 1 ? 1 2 9 7 0 8  
73 .1077h3C495 
5 7 . 7 9 8 7 9 P I L 4 9  
e 0 5 2 1 7 2 8 b 3 7  
e 0 5 0 2 8 0 9 5 6 8  
- 0 4 8 5 6 8 1 9 8 b  
. 0 4 1 0 2 8 5 2 2 0  
e 0 9 5 6 5 3 9 6 2 b  
.OC4135&233 
O i  3 36  3 )  2 b? 
. 0 4 2 & 2 1 6 9 2 1  
. C 4 1 6 1 R 3 9 1 &  
. 0 1 0 9 ? 6 2 8 & 5  
. 0 1 0 3 4 1 1 9 9 5  
. c 3 9 8 5 5 8 4 5 5  
1 .5382130512 
1 . 0 7 2 9 5 9 5 3 0 3  
1 . 0 0 1 7 0 4 9 3 7 6  
. 9 3 2 4 0 1 3 1 2 6  
. 8 6 5 1 5 5 3 1 2 8  
. 8 c o 0 ~ ~ 5 1 7 8  
. 9 l 0 R ? ' l 6 P 2 I  
. 9 b 5 6 5 2 b b 6 1  
e959551943L 
e 9 5 2 3 1 5 2 6 6 2  
.9 '38226dl l  
.732598&48L 
.72844133499 
'I. 6 7 6  1 H 1 9  1 6 3  
W . l i ~ Z h 0 0 0 L l  
3 . 2 1 0 1 1 1 8 7 3 6  
2 .94  l l l O R R 3 ( . /  
3 . 5 ~ ~ ~ 1 i 7 n c 3  
2 . 6 ' 0 7 6 6 ? 0 4 h  
?.37CI7b5097 
2 . 1 1 6 6 3 2 4 0 1 5  
I . '91 1 R6 2 7 11 I 
I .  1 5  2 I ,9966 76 
.5713C9UUl3 
. b b 3 1 5 > 3 3 1 3  
. h 5 ~ 6 2 6 7 1 1 7  
.h&58 '26212 . h 3 6  8 9 0  7 1 0 7  
. 0 1 1 1 0 5 5 3 5 h  
. 0 3 b b 5 2 9 b I b  
.03613b'1969 
- 0 3 5 5 5 9 2 8 8 8  
1 . 1 6 2 3 1 5 5 5 3 4  
1 . 1 2 8 7 6 2 3 2 1 5  
1 . 1 0 2 6 1 5 5 1 Z i  
I .1*8226Y9'>13 
l . O b b i 5 7 i Y I S  
.03602108116 
e 0 2 8 6 7 3 2 3 8 7  
. 0 2 2 6 1 0 4 0 1 6  
.O 1166 l 8 l b l  
El =-2.9 I 
. 6 ? 3 b 2 5 3 7 5 2  
. 5 3 9 3 1 3 8 9 1 5  
- 6 5 3 5 5 9 5 0 7 5  
.bbb '1?7188h 
2 . i + 3 7 ? * 4 i o n  
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2.2C 25 72 5 8  7 I 
2 .0151760207 
I . "9437b7714 
.Ob21388483 
.060267959U 
. 0 5 7 9 4 3 0 9 3 b  
. 0 5 5 1 l Y l l 1 5  
. 0 5 3 7 8 5 7 1 1 4  
.6179b5hi i26  
. b 8 8 2 5  1'1711 I 
. b V 7 l b d l 0 5 7  
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- " . 5  
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2 . 8  
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1 . 5 4 3 2 R i 5 7 0 3  
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TABLE I. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued) 
El  I ZI(€I.€Z) 1 &(€i.€z) I HI(€I.€z) 1 H z ( C . E z )  I ~ I I ( E I , E z )  1 B12(C.E2) I P Z Z ( C . E 2 )  I p(+3 
El =-2.8 
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1.0535052384 -0111994137 .6388257241 
1.ii~h?1~58? .ucoooonnoo .62338nmi~ 
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-1.2 .0933752960 1.7999763135 .lo22659484 rO553bl4*03 
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0.4 .015Y811371 . 5 0 4 8 7 0 6 9 1 2  .693907563& .OL47053177 l l .bL348101137 5.967'1996592 i . e ~ 5 2 0 0 ~ 5 9 7  
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1.4 . 0 1 I 3 7 O 3 i L S  .163L97HCH4 . b ? 1 4 3 ~ 5 1 l 3  .0412bbl3851 1 .8755832317 . R O L S L ~ + ~ F , ~  1 . 3 ~ 1 ~ 7 5 9 7 8 1 ~  .5005952923 
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